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We have studied a relativistically covariant Stern-Gerlach (SG) experiment for a relativistic spin
and a Dirac spin. We have obtained the relativistic spin in an arbitrary frame by using the classical
spin dipole tensor, which gives the covariant spin dipole interactions, and the relation between
a spin and a spin magnetic dipole moment. The relativistic spin is shown to have problems to
become a proper spin operator for a massive relativistic particle because of two reasons. First, the
relativistic spin three-vector operators cannot satisfy the spin algebra. Second, the SG experiment
for the relativistic particle provides a paradox between two observers in the particle rest frame and
the laboratory frame, in which the particle is moving. We have shown that the paradox in the SG
experiment is resolved by the Dirac spin, which is covariantly defined by a Lorentz transformation in
the Dirac spinor representation. The Dirac spin three-vector operators satisfy the spin algebra. It is
shown that the SG experiment for the Dirac spin in the inertial frame, where there is only magnetic
field, can determine the spin without the information of the momentum of the particle. This shows
that the reduced spin density matrix for the Dirac particle can be well-defined by integrating out
the momentum degrees of freedom.
PACS numbers: 03.65.Ta, 03.30.+p, 03.67.-a
I. INTRODUCTION
Recently high research intensities have emerged from
the field known as relativistic quantum information [1–
24]. One of the typical examples to study relativistic
effects on quantum information is the spin of a massive
Dirac particle (e.g., electron). Spin and momentum de-
grees of freedom of a massive Dirac particle are entan-
gled in general. Moreover, a Lorentz transformation can
change the entanglement between them. This fact has
created a controversy in understanding the spin under
a Lorentz transformation. The problem of defining re-
duced spin density matrix for a massive Dirac particle,
which encodes the quantum information of the spin, by
integrating out the momentum degree of freedom is still
controversial [2, 4, 5, 9, 10, 12–17, 19, 25].
At this stage we need a clear understanding of the
spin operator itself in an arbitrary reference frame. Even
though the reduced spin density matrix must be a su-
perposition of eigenstates of the spin operator, tracing
over the momentum degree of freedom, which is entan-
gled with the spin degree of freedom, makes the clear un-
derstanding of the spin itself difficult. Therefore, mathe-
matical formalisms related with the reduced density ma-
trix are not enough to clarify the controversial arguments
in previous works. To understand the spin operator
physically, the investigation of the spin measurement is
most desirable. The best candidate is the famous Stern-
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Gerlach (SG) experiment, in which a spin interacts with
electromagnetic fields. In the original SG experiment,
the interaction is considered as non-relativistic. Special
relativity requires that every observer must observe the
same experimental result, which is the clicking event of
the detector. We call this requirement a (relativistic)
covariance of the SG experiment.
Recently Saldanha et al. presented an interesting new
treatment for the spin of a massive relativistic particle
in the covariant generalization of the Stern-Gerlach (SG)
experiment [25]. They have tried to detour the problem
of defining the spin in an arbitrary reference frame by
using the covariance of the SG Hamiltonian. The discus-
sion of the SG experiment in the particle rest frame seems
to be clear, because the spin operator in the particle rest
frame is well-known as the usual Pauli spin operator. The
covariance of the spin dipole interaction in the SG exper-
iment, however, inevitably requires the discussion of the
relativistic spin in an arbitrary frame.
Usually, the spin has been considered as a relativis-
tic object because the two-dimensional spinor representa-
tion is an irreducible representation of the Lorentz group.
Also, a spin is the second Casimir of the inhomogeneous
Lorentz (Poincare´) group so that the unitary representa-
tion of the spin for the Poincare´ group is the Wigner’s
little group. Hence the relativistically covariant general-
ization of the SG Hamiltonian is expected to give the
proper definition of the spin operator in an arbitrary
frame. The manifestly covariant form of dipole inter-
actions can be obtained by the dipole tensor defined in
the classical electrodynamics [26]. By using the Lorentz
transformation of the magnetic dipole moment one can
obtain the spin in an arbitrary frame. We will call this
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2spin the relativistic spin. The definition of the relativis-
tic spin in an arbitrary frame can be extracted from the
spin magnetic dipole moment in that frame through the
relation between a spin magnetic dipole moment and a
spin for a free relativistic particle [29].
The critical issue, however, is that the origin of the
spin for a massive Dirac particle is not only relativistic
but also quantum mechanical. As is well-known, the spin
index of a massive Dirac particle is naturally introduced
by the Dirac theory that has successfully reconciled quan-
tum theory with special relativity [28]. This suggests that
the proper spin operator for a massive Dirac particle must
be defined by using the Dirac theory. In the Dirac the-
ory, the spinor representation is not 2-dimensional but
4-dimensional. This means that the Dirac spinor is not
an irreducible representation of the Lorentz group itself,
but an irreducible representation of the Lorentz group ex-
tended by parity [28]. Therefore, the symmetry group for
a massive Dirac particle is not just the Poincare´ group
but must be extended by parity. This means that the
spin operator for a massive Dirac particle in an arbitrary
frame must be obtained in the 4-dimensional Dirac spinor
representation. We will call this spin operator the Dirac
spin operator to distinguish from the relativistic spin op-
erator.
We will show in this paper that the relativistic spin
obtained by the classical dipole tensor cannot be a spin
operator because the relativistic spin three-vector oper-
ators do not satisfy the spin algebra. Furthermore, the
covariance of the SG experiment provides a paradox for
the relativistic spin among observers in different motions.
To resolve the paradox it is essential to use the Dirac spin
operator. The Dirac spin operator will be shown to have
additional pure quantum mechanical terms to the rela-
tivistic spin operator. These pure quantum mechanical
terms are critical to satisfy the spin algebra and to inter-
pret the SG experiment covariantly and consistently.
II. RELATIVISTIC SPIN AND DIRAC SPIN
In this section we will study the relativistic spin and
the Dirac spin. The spin tensors for both spins are well-
defined on Minkowski space-time. The relativistic spin
tensor in an arbitrary frame will be obtained by the rela-
tivistic generalization of spin dipole interactions in clas-
sical electrodynamics. On the other hand, the Dirac spin
tensor in an arbitrary frame will be obtained by a Lorentz
transformation in the Dirac spinor representation from
the spin tensor in the particle rest frame.
A. Relativistic spin
The Hamiltonian of the original SG experiment is given
by non-relativistic classical magnetic dipole interaction.
In this sense we will call the relativistic generalization of
the non-relativistic SG interaction, classical. A covari-
ance of the SG experiment is required by special rela-
tivity, because all observers in their own inertial frames
must observe the same events for the detectors of the
SG devices. In relativistic case we must consider both
electric and magnetic interactions with spin dipole mo-
ments, because a magnetic field in one reference frame
would transform to electric and magnetic fields in an-
other reference frame.
The covariant treatment of the SG Hamiltonian in
classical electrodynamics is given by the antisymmetric
dipole moment tensor [26]:
Dακ = γ
 0 d
1 d2 d3
−d1 0 µ3 −µ2
−d2 −µ3 0 µ1
−d3 µ2 −µ1 0
 , (1)
which is the same in Ref. [25]. Greek indices α and κ run
from 0 to 3. We define the electromagnetic field tensor
as
Fακ =
 0 −E
1 −E2 −E3
E1 0 −B3 B2
E2 B3 0 −B1
E3 −B2 B1 0
 , (2)
where Bi and Ei are i-components of the magnetic and
the electric fields, respectively.
The classical SG Hamiltonian in an arbitrary frame
can be written with the manifestly covariant form
HSG = − 1
2γ
FακDακ, (3)
where γ = 1/
√
1− β2 is the Lorentz factor and β = v/c.
We use the natural unit ~ = c = 1 and the metric tensor
gακ = diag(+,−,−,−). Then β can be represented by
the velocity v of the Lorentz boost.
The field tensor and the dipole moment tensor trans-
form under Lorentz transformation according to
Fακ = LαρL
κ
λF˜
ρλ and Dακ = L
ρ
α L
λ
κ D˜ρλ, (4)
where a tilde symbol ˜ will be used to represent quantities
in the particle rest frame. Lαρ is the pure boost that re-
lates the four-momentum pα = (γm, γmvx, γmvy, γmvz)
in the moving frame to the four-momentum p˜α =
(m, 0, 0, 0) in the particle rest frame by pα = Lαρp˜
ρ. It
is enough to consider the pure boost since the rotation is
trivial for the spin.
The electric dipole moment d and the magnetic dipole
moment µ in a moving frame are obtained from those in
the particle rest frame as
d = d˜+ (β × µ˜)− γβ(β · d˜)
γ + 1
(5)
µ = µ˜− (β × d˜)− γβ(β · µ˜)
γ + 1
,
3by using the Lorentz transformation and the relations
di =
D0i
γ
, µi =
1
2γ
ijkDjk, (6)
where ijk is the Levi-civita symbol. In this paper we
denote a contravariant three-vector by bold-face letter
such as A = (A1, A2, A3).
Then the relativistic SG Hamiltonian in Eq. (3) can be
rewritten as the usual form in classical electrodynamics:
HSG = −µ ·B− d ·E. (7)
We assume that the particle has no electric and magnetic
charges but only a spin to focus on the properties of the
spin. In this case the classical intrinsic electric dipole
moment, which is the classical electric dipole moment in
the particle rest frame, is zero. Then only a spin magnetic
dipole interaction occurs in the particle rest frame.
Now we will define the relativistic spin in an arbitrary
frame by using the relation between the spin and the spin
magnetic dipole moment for a massive relativistic parti-
cle [29]. The relation is µ = αS in the non-relativistic
limit, where S is a spin three-vector and α is the gyro-
magnetic ratio with the rest mass of the particle in the
denominator. In the relativistic generalization to an ar-
bitrary moving frame, the rest mass is replaced by the
relativistic mass such that the magnetic dipole moment
µ will be αS/γ. To give this relation, the relativistic spin
tensor in a moving frame must be defined as
Sµν =
1
α
Dµν . (8)
Therefore, the relativistic spin three-vector operator is
obtained as
S = γS˜− γ
2β(β · S˜)
γ + 1
, (9)
with the definition of
Si =
1
2
ijkSjk. (10)
Roman indices i, j, and k runs from 1 to 3.
Notice that in the particle rest frame the represen-
tation of the spin operator S˜i is σi/2, where σi is a
Pauli matrix. One can check that the relativistic spin
three-vector operators S do not satisfy the spin algebra
[Si, Sj ] = ijkSk. This means that the relativistic spin
operator cannot be a proper spin operator.
B. Dirac spin
The massive spin-1/2 particle is well-known to be de-
scribed by the Dirac equation, which has successfully rec-
onciled quantum theory with special relativity. In this
sense the massive relativistic particle with spin-1/2 is
called the massive Dirac particle. We will call the spin
operator for the massive Dirac particle the Dirac spin
operator. The spin index is naturally introduced in the
Dirac spinor representation [28]. This means that the
origin of the Dirac spin is not only relativistic but also
quantum mechanical.
In this paper we will use the covariant formalism of the
Dirac theory. The covariant Dirac equation for a massive
Dirac particle in momentum representation is
(pµγµ −m)ψ = 0, (11)
where γµ are Dirac matrices:
γ0 =
(
I 0
0 −I
)
, γi =
(
0 σi
−σi 0
)
, (12)
in the standard representation. In this paper we will
work in the standard spinor representation, because we
are interested in the one-particle theory, where there is
no superposition of positive- and negative-energy states.
A Dirac spinor, which is a solution of the Dirac equation
in Eq. (11) can be denoted as |p, σ〉 [28]. The p and σ
are momentum and spin indices, respectively.
To determine the spin operator, we first consider the
spin tensor operator Sακ, which satisfies the commuta-
tion relations of the angular momentum tensor. The spin
tensor operator transforms under the Lorentz boost L as
D(L)SακD−1(L) = LραLλκSρλ, (13)
where D(L) is the spinor representation corresponding to
the pure boost L:
D(L) =
(
cosh ξ2 σ · pˆ sinh ξ2
σ · pˆ sinh ξ2 cosh ξ2
)
, (14)
where ξ = tanh−1 β is the rapidity of the particle, β =√
β2, and pˆ = p/
√
p2.
The Dirac spin three-vector operator in the particle
rest frame is known to be
S˜ = 1
2
(
σ 0
0 σ
)
, (15)
where σ = (σ1, σ2, σ3). To reproduce this Dirac spin
three-vector operator in the particle rest frame by using
the definition in Eq. (10), the spin tensor operator in the
particle rest frame must be represented by
Sακ|p˜, σ〉 = i
2
[γα, γκ]|p˜, σ〉. (16)
A symbol [, ] denote the commutation relation. The |p˜, σ〉
is the spinor in the particle rest frame which transforms
to the spinor in the moving frame by |p, σ〉 = D(L)|p˜, σ〉.
Then the spin tensor operator in the moving frame is
obtained by the Lorentz transformation as
Sακ|p, σ〉 = i
2
LραL
λ
κ[γρ, γλ]|p, σ〉. (17)
4By using the relations (6) and (8), the electric and
magnetic dipole moments of the Dirac spin in the moving
frame can be written explicitly as
dD = α
(
β × S˜
)
− iαγ5
[
S˜ − γ
γ + 1
β(β · S˜)
]
, (18)
µD = α
[
S˜ − γ
γ + 1
β(β · S˜)
]
+ iαγ5
[
S˜ × β
]
,
where the subscript D denote the dipole moments associ-
ated with the Dirac spin. γ5 is defined as
γ5 = iγ
0γ1γ2γ3 =
(
0 I
I 0
)
, (19)
where I is a two-by-two identity matrix. The differences
between these Dirac spin dipole moments and the rela-
tivistic spin dipole moments in Eq. (5) are just the γ5-
proportional terms. Note that µ˜ = αS˜ and d˜ = 0. In this
sense we consider the γ5-proportional terms pure quan-
tum mechanical. These terms will be shown to be criti-
cal for consistency of the covariant SG experiment. Be-
cause of the γ5-proportional term, which is off-diagonal,
the representation of the Dirac spin operator must be
4-dimensional.
The Dirac spin three-vector operator in the moving
frame is obtained as
S = γS˜ − γ
2
γ + 1
β(β · S˜) + iγγ5
[
S˜ × β
]
, (20)
by using the relation (10). One can check that the Dirac
spin three-vector operators satisfy the commutation re-
lations [Si,Sj ] = iijkSk of the spin group. Notice that
the relativistic spin three-vector operators in Eq. (9) do
not satisfy the spin algebra. The difference between the
Dirac spin operator and the relativistic spin operator is
also the γ5-proportional term in Eq. (20). This term is
crucial to satisfy the spin algebra.
III. SG EXPERIMENT
In this section we will investigate SG experiments for
the relativistic spin and the Dirac spin. The SG Hamil-
tonian for the relativistic spin was obtained in the pre-
vious section by using the relativistic generalization of
the classical dipole interactions so that we will call the
SG Hamiltonian for the relativistic spin the classical SG
Hamiltonian. On the other hand, the SG Hamiltonian
for the Dirac spin will be called the quantum SG Hamil-
tonian. Here it is enough to consider the two reference
frames, the particle rest frame and the laboratory frame.
In the laboratory frame the particle is moving and the SG
device is not moving. However, the SG device is moving
in the particle rest frame.
In the original SG experiment, a particle with mag-
netic moment passes through an inhomogeneous mag-
netic field. The inhomogeneous magnetic field is com-
posed of a strong uniform magnetic field and a small
non-uniform magnetic field. The particle will be deflected
into different detectors according to the eigenvalues of the
spin along the strong uniform magnetic field. Therefore,
it is enough to consider only the strong uniform mag-
netic field to determine which detector will click and to
investigate the spin state in the SG experiment.
Fig. 1 shows experimental settings in the laboratory
frame: There is only the magnetic field whose uniform
magnetic field is in the positive y-direction. The parti-
cle is moving with the velocity v = v(cosφxˆ + sinφyˆ).
From now on, we will denote 1-, 2-, and 3-components
of the three-vectors as x-, y-, and z-components for con-
venience. The angle φ is the azimuthal angle from the
x-axis in the x-y plane. The direction of the velocity for
the particle in this setting is not usual, but will help to
investigate the consistency and the covariance of the SG
experiment.
FIG. 1: This figure is the schematic diagram to show the
experimental settings of the SG device. The azimuthal angle
φ is the direction of the particle’s initial motion.
A. SG experiment for relativistic spin
The classical SG Hamiltonian in the laboratory frame
becomes
HcSG = −µ ·B = −α
γ
SyB, (21)
where Sy represents the y-component of the relativistic
spin. This shows that the classical SG Hamiltonian and
the y-component of the relativistic spin, which is along
the magnetic field, have the common eigenstates in the
laboratory frame.
We will obtain the classical SG Hamiltonian in the
particle rest frame by using the Lorentz transformation.
The magnetic field Byˆ in the laboratory frame is trans-
formed into the magnetic field and the electric field in
5the particle rest frame such as
E˜ = −γv cosφB ˆ˜z, (22)
B˜ = (1− γ) sinφ cosφB ˆ˜x+ (sin2 φ+ γ cos2 φ)B ˆ˜y,
where the hat symbol ˆ denotes unit vectors and ˆ˜x, ˆ˜y,
and ˆ˜z are unit vectors along x˜-, y˜-, and z˜-axis in the
particle rest frame. Since the dipole moments in the par-
ticle rest frame are µ˜ = αS˜ and d˜ = 0, the classical SG
Hamiltonian in the particle rest frame becomes
H˜cSG = −µ˜ · B˜ = −αB˜θS˜θ, (23)
where S˜θ = S˜x cos θ+ S˜y sin θ, B˜θ =
√(
B˜x
)2
+
(
B˜y
)2
,
and
tan θ =
sin2 φ+ γ cos2 φ
(1− γ) sinφ cosφ (24)
The azimuthal angle θ is the angle from the x˜-axis in the
x˜-y˜ plane.
Let us further assume that the magnetic moment of
the particle is initially aligned along the direction of the
magnetic field in the laboratory frame. Because of the
relation of µ = αS/γ, the direction of the relativistic spin
is also initially along the positive y-direction in the lab-
oratory frame. Notice that the expectation values of the
operator can be interpreted as the corresponding classical
vectors in quantum mechanics. Hence the initial state is
the eigenstate of the relativistic Sy with eigenvalue +1/2
in the laboratory frame. The consistency condition for
the initial state is that the expectation values of Sx and
Sz must be zero. For this initial condition the upper de-
tector, which determines the spin is along the positive
y-direction, will click.
Now let us investigate the consistency and covariance
of the SG experiment for the relativistic spin. Let us
consider the experiment in the particle rest frame. In
the particle rest frame, the eigenstates of the classical
SG Hamiltonian in Eq. (23) are the eigenstates of the θ-
component of the relativistic spin three-vector operator
in the particle rest frame. The eigenstates are
|uθ〉 = 1√
2
(
e−iθ/2
eiθ/2
)
and |dθ〉 = 1√
2
(
e−iθ/2
−eiθ/2
)
. (25)
The expectation values of the components of the rela-
tivistic spin in the particle rest frame give the relation
〈uθ|S˜y|uθ〉
〈uθ|S˜x|uθ〉
== tan θ, (26)
where 〈uθ| is the Hermitian conjugate of |uθ〉, i.e., 〈uθ| =
|uθ〉†.
The covariance of the SG experiment provides the con-
dition of γHcSG = H˜cSG between the two Hamiltonians
in the two reference frames. This condition requires that
the eigenstates of the two Hamiltonians are the same.
That is, |uθ〉 and |dθ〉 are also the eigenstates of the clas-
sical SG Hamiltonian in the laboratory frame. One can
easily check that |uθ〉 is the eigenstate of the relativistic
spin Sy in the laboratory frame with eigenvalue +1/2 by
using the expression of Eq. (9). This means that |uθ〉 is
the initial state in the laboratory frame.
Similarly, the expectation value of Sx with the eigen-
state |uθ〉 is obtained as
〈uθ|Sx|uθ〉 = (1− γ
2) sinφ cosφ√
sin2 φ+ γ2 cos2 φ
. (27)
This cannot be zero in the moving frame where γ 6= 1.
This fact is inconsistent to the initial condition in the lab-
oratory frame, which requires that the expectation values
of Sx and Sz for the initial state of the particle must be
zero.
On the other hand, the consistency condition, that the
expectation value of Sx must be zero, gives the relation
〈S˜y〉
〈S˜x〉 =
cos2 φ+ γ sin2 φ
(γ − 1) cosφ sinφ = tan ξ. (28)
Since tan ξ 6= tan θ, the expectation value of the relativis-
tic spin in the particle rest frame must be calculated in
the state |uξ〉 not the state |uθ〉 in order to satisfy the
consistent initial condition. This means that the state
|uξ〉 must be the eigenstate of the relativistic spin Sy
in the laboratory frame. The state |uθ〉, however, must
be the eigenstate of the classical SG Hamiltonian in the
particle rest frame. Hence the covariance of the SG ex-
periment, which requires |uθ〉 = |uξ〉, is broken for the
state |uξ〉.
In summary, the covariance of the SG experiment re-
quires that the eigenstates are the same for both Hamilto-
nians in the laboratory frame and the particle rest frame.
However, in order to preserve the covariance of the SG
experiment, the initial condition of the SG experiment in
the laboratory frame cannot be satisfied. In contrast, to
satisfy the consistency requirement of the initial condi-
tion in the laboratory frame breaks the covariance of the
SG experiment. This is a paradox.
This paradox between observers in the particle rest
frame and the laboratory frame in the SG experiment
will be resolved in the next subsection by using the Dirac
spin.
B. SG experiment for Dirac spin
Now let us investigate the SG experiment for the Dirac
spin. The quantum SG Hamiltonian in the laboratory
frame is defined by
HqSG = − α
2γ
SµνFµν , (29)
similar to the classical SG Hamiltonian. Note that the
Lorentz transformation of the field tensor,
Fµν = L µα L νβ F˜αβ , (30)
6is defined by the inverse transformation L−1. This is
because the transformation of the Dirac spin tensor op-
erator is defined by the inverse Lorentz transformation
in Eq. (13).
With the previous experimental setting, the quantum
SG Hamiltonian in the laboratory frame is written as
HqSG = −α
γ
SyB. (31)
The initial state of the particle in the laboratory frame is
|p,+y〉, which is the Dirac spinor with eigenvalue +1/2
for the Dirac spin three-vector operator Sy. Then the
initial direction of the Dirac spin in the laboratory frame
is along the positive y-axis. The expectation value of
the quantum SG Hamiltonian HqSG of Eq. (31) in the
state |p,+y〉 becomes the same as that of the classical SG
Hamiltonian HcSG of Eq. (21) in the state |uθ〉. There-
fore, the detector, which will click in the SG experiment
for the Dirac spin, must be the same as the upper de-
tector in the SG experiment for the relativistic in the
laboratory frame.
Note that we use the Lorentz invariant normalization
〈p′, σ′|γ0|p, σ〉 = 2p0δ3(p′−p)δσ′σ for the positive-energy
Dirac spinors and 〈p′, σ′|γ0|p, σ〉 = −2p0δ3(p′−p)δσ′σ for
the negative-energy Dirac spinors in the covariant formal-
ism. Here
γ0 =
( I 0
0 −I
)
, (32)
and δ3(p′−p) and δσ′σ are delta function and Kronecker
delta, respectively. 〈p,+y| is the Hermitian conjugate of
|p,+y〉. Notice that the Hermiticity of the Dirac spin
three-vector operator in Eq. (20) is not preserved in the
manifestly covariant formalism. However, this does not
mean the expectation value of the Dirac spin three-vector
operator, which is defined by 〈p, σ|γ0Si|p, σ〉 for the pos-
itive energy state and by −〈p, σ|γ0Si|p, σ〉 for the nega-
tive energy state, is not real. The real-valuedness of the
expectation value is guaranteed by the fact that γ0Si
is Hermitian. We have shown in the previous work [27]
that the expectation value of the Dirac spin three-vector
operator in the covariant formalism is the same as the
expectation value of the Foldy-Woutheysen mean spin
operator, which is Hermitian, in the canonical formal-
ism. In the canonical formalism the Hermiticity of the
spin three-vector operator is preserved and the expecta-
tion value is defined as the normal norm of the Hilbert
space. Hence one can use the canonical formulation if
one want to follow the familiar formalism, the same as
the non-relativistic quantum mechanics. In this paper,
however, we are interested in the covariance of the SG
experiment, so the covariant formalism using the Dirac
spinors are most convenient.
The expectation value of the x-component of the Dirac
spin will automatically zero for the Dirac spinor |p,+y〉,
because Sx|p, σ〉 = D(L)S˜|p˜, σ〉. Hence, the consistency
requirement of the initial condition for the SG experi-
ment in the laboratory frame is satisfied for the Dirac
spinor |p,+y〉.
The condition of the covariance of the SG experiment
for the Dirac spin requires that the eigenstates of the two
quantum SG Hamiltonians, H˜qSG and HqSG, must be the
same. Hence the Dirac spinor |p,+y〉 must also be the
eigenstate of the quantum SG Hamiltonian in the particle
rest frame. The quantum SG Hamiltonian in the particle
rest frame is obtained by the Lorentz transformation as
H˜qSG = −µ˜D · B˜− d˜D · E˜ (33)
= −αS˜ · B˜+ iαγ5S˜ · E˜,
where E˜ and B˜ are in Eq. (22). The + sign for the
electric dipole interaction term stems from the fact that
we have used the inverse Lorentz transformation.
The electric dipole moment of the Dirac spin in the par-
ticle rest frame has nonzero γ5-proportional term. Hence
the quantum SG Hamiltonian in the particle rest frame
has the nonzero electric dipole interaction iαγ5S˜ · E˜ even
in the particle rest frame. This is the critical difference
from the classical SG Hamiltonian in Eq. (23). This im-
plies that the direction of the Dirac spin in the particle
rest frame cannot be determined solely by the magnetic
field at the particle rest frame. Note that the expectation
value of the electric dipole interaction becomes
〈p,+y|γ0(iαγ5S˜zEz)|p,+y〉 = (γ2 − 1) cos2 φB, (34)
where the positive-energy state is considered. Note that
the expectation value for the negative-energy state only
changes the sign.
Let us consider the direction of the Dirac spin in the
particle rest frame for the positive-energy state. The ex-
pectation values of the Dirac spin in the particle rest
frame is obtained as
〈p,+y|γ0S˜x|p,+y〉 = (1− γ) cosφ sinφ, (35)
〈p,+y|γ0S˜y|p,+y〉 = sin2 φ+ γ cos2 φ,
〈p,+y|γ0S˜z|p,+y〉 = 0.
The above relation shows that the direction of the Dirac
spin in the particle rest frame, which is determined by
〈p,+y|S˜y|p,+y〉/〈p,+y|S˜x|p,+y〉, is along θ-direction.
This means that the both directions determined by the
relativistic spin and the Dirac spin in the particle rest
frame are the same in the SG experiment.
The expectation value of the x-component of the Dirac
spin in the laboratory frame, however, is zero in the eigen-
state of the quantum SG Hamiltonian in the particle rest
frame, which is |p,+y〉. Therefore, the Dirac spin re-
solves the paradox. That is, the Dirac spin satisfies the
covariance of the SG experiment which requires the same
eigenstates for the quantum SG Hamiltonians in the par-
ticle rest frame and the laboratory frame. And the Dirac
spin also satisfies the consistency relation which is re-
quired by the initial condition.
The investigation of the covariant SG experiment for
the Dirac spin shows that the Dirac spin is clearly de-
termined in the frame, where only magnetic field exists,
7by the SG experiment. Notice that the interpretation
of the SG experiment for the Dirac spin in the labora-
tory frame is the same as that in the original SG experi-
ment for the non-relativistic spin, because the form of the
Hamiltonian is the same. This means that the Dirac spin
can be determined independent on the momentum of the
particle by the standard SG experiment, where there is
only magnetic field. This implies that the density matrix
for the Dirac spin can be well-defined by integrating out
the momentum degrees of freedom contrary to previous
works.
IV. CONCLUSION
We have considered the covariant SG experiments for
the relativistic spin and the Dirac spin. The relativis-
tic spin was obtained by the classical spin dipole tensor
which gives the covariant extension of the spin dipole
interactions under the Lorentz transformation. The rel-
ativistic spin is a natural relativistic extension from the
non-relativistic spin in this sense. Hence the relativis-
tic spin seems to be the best candidate for the spin of a
massive relativistic particle in an arbitrary frame. How-
ever, we have shown that the relativistic spin has crucial
problems to be a proper spin operator. Most of all, the
relativistic spin cannot satisfy the spin algebra. More-
over, the covariant SG experiment for the relativistic spin
is shown to provide a paradox between observers in the
particle rest frame and the laboratory frame.
This is because the spin for a massive relativistic parti-
cle is not only relativistic but also quantum mechanical.
We have shown that the Dirac spin, which is covariantly
defined in the Dirac theory, not only satisfies the spin
algebra but also resolve the paradox in the SG experi-
ment for the relativistic spin. Moreover, the directions of
the two spins, which are determined by the expectation
values of the relativistic spin and the Dirac spin in the
same settings of the SG experiment, are the same. The
additional term of the Dirac spin is the off-diagonal term
which can be interpreted as a pure quantum mechanical
contribution. The expectation value of the off-diagonal
term is higher order than the diagonal term, because it
mixes the large and the small components of the Dirac
spinor. Our results suggest that the Dirac spin operator
is the proper spin operator in nature.
The Dirac spin in the laboratory frame can be deter-
mined by the magnetic field in the standard SG experi-
ment independent on the momentum of the particle. This
shows that the spin reduced density matrix for a massive
Dirac particle can be clearly defined by integrating out
momentum degrees of freedom.
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